Abstract: We study the motion of an n-dimensional closed spacelike hypersurface in a Lorentzian manifold in the direction of its past directed normal vector, where the speed equals a positive power p of the mean curvature. We prove that for any p ∈ (0, 1], the flow exists for all time when the Ricci tensor of the ambient space is bounded from below on the set of timelike unit vectors. Moreover, if we assume that all evolving hypersurfaces stay in a precompact region, then the flow converges to a stationary maximum spacelike hypersurface.
Introduction
Curvature flow has been studied extensively for more than twenty years. Mean curvature flow was first studied in a well-known paper of Huisken [8] . In [1] , Andrews studied the motion of a closed convex hypersurface in R n+1 with the normal velocity proportional to a positive power of Gaussian curvature. While in [10] , Schulze considered the power mean curvature flow of convex hypersurfaces also in the Euclidean space. In the case of Lorentzian geometry, Ecker, Huisken [2] , and Gerhardt [3, 4, 5, 6] several kinds of curvature flow of spacelike hypersurfaces in order to find hypersurfaces with prescribed curvatures.
In this paper, we shall consider the motion of a closed spacelike hypersurface in a Lorentzian manifold, in the direction of its past directed normal vector field, such that the evolution velocity is a positive power of the mean curvature. Precisely, let N be a globally hyperbolic (n + 1)-dimensional Lorentzian manifold with a compact Cauchy hypersurface S 0 , and M an n-dimensional smooth manifold. We shall investigate the following problem. Let M 0 ⊂ N be a spacelike hypersurface the mean curvature of which is strictly positive, we then consider the power mean curvature flowẋ = sign(p) H p ν, (
with initial data x(0) = x 0 , where sign(p) is the sign function of p, and x 0 an embedding of initial hypersurface M 0 = x(0)(M ). Here H is the mean curvature of the flow hypersurfaces M (t) = x t (M ), with respect to the past directed normal ν and p a non-zero real number. The evolution equation (1.1) is a parabolic problem, the solution exists for a short time.
If we assume that M 0 is a graph over S 0 , then we can also write M (t) as a graph over S 0 , i.e.
where x ∈ S 0 is an abbreviation of the space-like components. For p = 1, Ecker, Huisken [2] and Gerhardt [3] studied the evolution problemẋ = (H −f )ν, in order to find a spacelike hypersurface with a given mean curvature function f provided so-called upper and lower barriers for (H, f ) are satisfied. If N satisfies a mean curvature barrier condition and strong volume decay condition, Gerhardt [6] proved that the inverse mean curvature flow (the case p = −1 in (1.1)) exists for all time and provides a foliation of the future of the initial hypersurface M 0 . Furthermore, if N is a asymptotically Robertson-Walker space, Gerhardt [7] showed that the leaves of an inverse mean curvature flow converge to an umbilical hypersurface and provide transition from big Crunch to big Bang.
If the Ricci tensor of N is bounded from below on the set of timelike unit vector, we shall prove that the power mean curvature flow (1.1), with p ∈ (0, 1] exists for all time, and converges to a stationary maximum spacelike hypersurface when all evolving hypersurfaces stay in a precompact region, i. e. we have the following theorem. 
for a positive constant Λ, then the power mean curvature flow equation (1.1) with initial hypersurface M 0 exists for all time, when p ∈ (0, 1]. Moreover if we further assume that the limit lim t→∞ inf x∈S0 u(t, x) is bounded from below, then the solutions to (1.1) converge to a stationary maximum spacelike hypersurface as t → ∞.
Remark 1.1. (i) That the limit lim t→∞ inf x∈S0 u(t, x) is bounded from below is equivalent to say that all evolving hypersurfaces stay in a precompact region of N . Moreover in this case, the flow converges to stationary maximum spacelike hypersurface without the assumption on the Ricci tensor bound (1.2) (see Lemma 4.1).
(ii) If we suppose that the upper and lower barriers for the mean curvature hold like that in [3] , the results in Theorem 1.1 still hold.
For the notations and definitions we refer to section 2 for more detailed description. In section 3 we look at the curvature flow associated with our problem, and corresponding evolution equations for the basic geometric quantities of the flow hypersurfaces. In section 4 lower bound estimates for the evolution problem are proved, while a priori estimate for the norm of the second fundamental form is derived in section 5. Finally in section 6, we demonstrate that the maximum existence time is infinity and the evolution equation converges to stationary solution, which completes the proof of Theorem 1.1.
Preliminaries
In this section we state some basic concepts and formulas which can be found in [3] or [4] . Let N be a globally hyperbolic Lorentzian manifold with a compact Cauchy surface S 0 . N is a topological product R × S 0 , where S 0 is a compact Riemannian manifold, and there exists a Gaussian coordinate system {x α }, and such that the metric in N has the form
where σ ij is a Riemannian metric, ψ a function on N , and x an abbreviation for the space-like components (x i ). We also assume that the coordinate system is future oriented, i. e. the time coordinate x 0 increases on future directed curves.
Let M be a space-like hypersurface, i. e. the induced metric is Riemannian, with a differentiable normal ν that is timelike. Let (ξ i ) be the local coordinates on M . Geometric quantities on N will be denoted with a bar, for example, by (g αβ ), (R αβγδ ), etc., and those in M without the bar, as (g ij ), (R ijkl ), etc. Greek indices range from 0 to n and Latin from 1 to n. For a function u in N , (u α ) and (u αβ ) denotes respectively the gradient and the Hessian of u. We use the summation index convention on repeated indices. We assume the above time-like normal ν is past directed. Then the Gaussian formula of M is given by
We represent covariant derivative of a tensor as a full tensor. For instance 
where
Recall the Codazzi and the Gaussian equations,
Let M = graphu| S0 be a space-like hypersurface
The induced metric on M has the form
where σ ij are fuctions of (u, x), and
Hence, graphu is space-like if and only if |Du| < 1. The contravariant past directed normal vector and its covariant form are respectively given by
From (2.3) and (2.7) one obtains
Set (h ij ) be the second fundamental form of the hypersurface {x 0 = const.}. 9) and by computing the Christoffel symbol of N one derives 10) where the dot indicates differentiation with respect to x 0 . In [3, 4, 5] it is defined a Riemannian metric ( g αβ ) by
and corresponding norm of a vector field η by
with similar notations for higher tensors.
Evolution Equations
From now on, we always assume p > 0, and so sign(p) = 1. In order to study the evolution problem (1.1), it is convenient to consider the evolution equationẋ
where τ is a small positive number. The evolution problem (3.1) is a parabolic problem, hence a solution exists on a maximum time interval [0, T * ), 0 < T * ≤ ∞. In the following we show how the metric, the second fundamental form and the normal vector of the hypersurfaces M (t) evolve. All time derivatives are total derivatives. Here is just the special case, we refer to [4] for more general results, so we omit the proofs of the following lemmas.
Lemma 3.1. The metric, volume element, the normal vector, and the second fundamental form of M (t) satisfy the evolution equationṡ
Lemma 3.2. The mean curvature H evolves according to the following equations
Lemma 3.3. The mixed tensor h j i satisfies the parabolic equation
We immediately deduce from (3.3)
Lower Bound Estimate
The evolution problem (3.1) exists on a maximum time interval I = [0, T * ). We will prove that T * = ∞. Because of the short time existence, and the initial hypersurface M 0 is a graph over S 0 , we can write
where u is defined in the cylinder Q T * = I × S 0 . From (3.1) and using (2.7) for α = 0 one sees that u satisfies a parabolic equation of the forṁ
whereu is a total derivative, i. e.
and so
Consequently, from Lemma 3.4, ∂u ∂t is non positive. Next we shall prove that the flow stays in a precompact region in finite time.
Lemma 4.1. Let N be a cosmological spacetime with a compact Cauchy hypersurface and satisfy condition (1.2). Then, for any finite T , 0 < T ≤ T * , the flow (3.1) stays in a precompact region Ω T for 0 ≤ t ≤ T .
Proof. First we claim that, we can choose a new time function x 0 such that the Lorentzian metric of N also has the form (2.1), and the conformal factor satisfies ψ ≥ 0. Suppose that
where ζ is a C 1 function with non-vanishing derivative. Then the metric is given by in the new coordinates
where the dot indicates the differentiation with respect to x 0 . If we let
and we then have ψ = ψ − inf x∈S0 ψ(x 0 , x)), which is non-negative. This proves the claim, and therefore without loss of generality, we may assume ψ ≥ 0 in the metric (2.1).
From (4.3) and Lemma 3.4 u is decreasing. Thus we only need to prove that u has a lower bound. Set ϕ(t) = inf S0 u(x, t). We may assume there exists some t 0 ∈ (0, T ) such that ϕ(t 0 ) < 0, otherwise u were bounded, and the lemma holds. The function ϕ is Lipschitz continuous and if x t is such that the infimum is attained at x t , then ∂ϕ(t) ∂t = ∂ ∂t u(t, x t ) holds for a.e. t, (cf. [6] , Lemma 3.2). By (3.2) and (1.2), and using again Lemma 3.2 of [6] , we see that
for p ∈ (0, 1), and sup H(t) ≤ sup H(0)e Λt (4.5)
for p = 1. We therefore have
and ∂ϕ(t) ∂t ≥ −C 1 e Λt for p = 1.
From these inequalities we immediately deduce for 0 < p < 1
proving the lemma.
C 1 Estimates
We consider a smooth solution of the evolution equation (3.1) in a maximum time interval [0, T * ). In order to prove that the hypersurfaces remain uniformly space-like, we only have to prove that the term
is uniformly bounded in finite time, i.e. in Q T = [0, T ] × S 0 for any 0 < T < T * . We shall apply the maximum principle to the evolution equation of the quantity w = vϕ, where ϕ is defined in (5.8) below. This was first used by Gerhardt and the following proof is a slight modification in [3] . Let η be the covariant vector field (η α ) = e ψ (−1, 0, · · · , 0).
Lemma 5.1. The quantity v satisfies the the evolutive equatioṅ
and the time derivative of v is given bẏ
Now by Weingarten formula (2.4) and using Codazzi equation (2.5) we have 
Using the previous lemmas, and that |H p η αβ ν α ν β | ≤ cH p v 2 , |||ν||| ≤ c v, and the use of the Young inequality and the relation H 2 ≤ n||A|| 2 leads to:
There is constant c = c(Ω T ) such that for any positive function 0 < ǫ = ǫ(x) on S 0 , the term v satisfies a parabolic inequality of the forṁ
We stress that this constant c depends on Ω T and on all geometric quantities of the ambient space restricted to Ω we have ben considering. Now set u i = g ij u j .
Lemma 5.4. Let M (t) = graph u(t) be the flow hypersurfaces, then we havė
This can be easily derived using (2.8). The following is a lemma in [3] Lemma 5.5. Let M ⊂ Ω be a graph over S 0 , then
Finally we obtain a uniform bound of v, the proof of which is an adaptation to our case of the proof of Proposition 3.7 of [3] . We may assume that u ≥ 1, otherwise we replace in (5.8) u by u + c for some c large enough. We also assume that v ≥ 1. We will see that choosing λ and µ conveniently, then w = vϕ will be uniformly bounded. Froṁ 
